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1 Introduction

Modality and modal logic were key tools of the late 20th century renaissance in metaphyics. But
recently, a group of metaphysicians has argued that they are not well suited to the formulation of meta-
physical theses and adjudication of metaphysical arguments. Dubbed ‘postmodal’ by Ted Sider, they tend
to level a similar general criticism: modal tools are too crude, too coarse-grained, to formulate explana-
tory metaphyiscal theses or to decide metaphysical disputes. I disagree.

While I do think that the postmodalist critique is apt when applied to some of the modal tools, I do
not think it is correctly applied to modal logic. Throughout the paper, I will rely on an important dis-
tinction between (metaphysical) modal concepts on the one hand and modal logic on the other. Modal
concepts are those like possibility, necessity, and actuality. They have a familiar fixed meaning and are
(occasionally) creatures of ordinary thought and natural language. Modal logic, by contrast, is a branch
of mathematical logic. It studies modal logics. A modal logic is a logic (typically defined as the deductive
closure of a set of sentences) in a modal language - one that uses (at least) box and diamond operators. Ex-
amples include modal propositional logic, quantified modal logic, and tense logic. So understood, modal
logic is the study of a kind of formalism, with no fixed interpretation. It is a creature of mathematics.

With this distinction in mind, I will examine the arguments against a modal toolkit and show that even
if they apply to modal concepts, they do not apply to modal logic. I do not claim that their authors meant
them to; the goal is simply to show their limits. In the course of examining these arguments, I will make
two major claims. First: that modal logics are expressively equivalent to fragments of quantificational
logic. Second: that modal logic can be used to give a logic for the grounding relation.

Defending these claims will take us on a tour through a branch of modal logic not often used in
contemporary metaphysics, modal correspondence theory. After reviewing some of its most basic results,
we will see that modal logic is a much more versatile tool than is often appreciated among metaphysicians.

As a demonstration, and to buttress my response to the post-modalists, I will show how modal logic
can be used to study the grounding relation. After setting up the basic framework, I will use the modal
logic of grounding to study property inheritance principles and to show a surprisingly tight parallel
between grounding and provability. I end the study with some negative results.

2 Post-modal Metaphysics

The term ‘post-modal’ comes from Ted Sider. He uses it to describe the new additions to the meta-
physician’s toolkit that have come in the wake of the hyperintensional turn, as well as the critique of the
previously-preferred modal tools that they seek to supplement or surpass.1 The primary use of these new
tools has been to study metaphysical explanation and metaphysical dependence. They include Sider’s
structure operator, the grounding relation, Karen Bennett’s building relations, and Kit Fine’s non-modal

1Sider [Ms].
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notion of essence. Very roughly, they seek to explain how less fundamental facts, concepts, or things are
related to and explained by more fundamental facts, concepts, or things. I will not try to give much of an
analysis of the post-modal toolkit here.2 Instead, I will turn to the critique of the modal toolkit offered
by post-modalists as justification for the new tools they introduce and use.

But before we get too deep into the critique of modal tools, we’d best get a sense of what they are.
Modal tools are roughly those primarily associated with notions like possibility and necessity. These
include (but are not limited to): conceptual items like consistency, entailment, intension, and superve-
nience; ontology such as possible worlds and possibilia; ideology such as that distinctive to strict impli-
cation and box/diamond languages; and systems of formal reasoning such as modal and counterfactual
logics. After reviewing some of the arguments that these resources are not enough for the work of meta-
physics, I will begin my campaign on behalf of modal logic as a valuable part of an up to date metaphysical
toolkit.

Sider summarizes the general thrust of the post-modalist critique as follows: “A vague theme has been
that modal concepts are too crude for many purposes, in that even after modal questions are settled, there
remain important questions that can be raised only by using the post-modal tools.3” Here I will look into
some of the specific arguments and claims that have been made by post-modalists. My objective will be
to show that they don’t apply to modal logic, considered as a mathematical tool, not necessarily under
the its common interpretation as the logic of possibility and necessity. I make no claim that the authors
intended them to; I mean only to show that they don’t.

2.1 Modal Notions are Not Fundamental

In Writing the Book of the World, Ted Sider argues for a notion called ‘structure.’ Structural concepts
are those that carve nature at its joints: they describe reality not only truly, but perspicuously. The
business of metaphysics, according to Sider, is to determine which of various candidate-concepts are
structural (equivalently: fundamental). The goal of metaphysics is to give an account of the structure
of reality, analyzing the non-structural in terms of the structural. Combined with Sider’s argument that
modal notions are non-fundamental, we have the first post-modalist attack on modal tools to examine.
For the purposes of this section, I will accept Sider’s account of the goals of metaphysics and address his
argument that modal notions are not fundamental.

Why are modal tools non-fundamental? Because they are not required in formulating our most fun-
damental theories. Sider writes:

The good reason for opposing modal primitivism is simply: ideological economy. Modal talk is
certainly common in ordinary and special-science discourse. But we do not generally take no-
tions from these high-level domains as good candidates for being metaphysically basic...they
are unneeded for the most fundamental inquiries of mathematics and physics...[s]ince modal-
ity is unneeded for the most fundamental inquiries, it too is metaphysically nonfundamental,
however conceptually fundamental it may be.4

This argument is in essence an argument from ideological parsimony. A theory’s ideology, as Quine taught
us, is the fundamental concepts or notions needed to state the theory. There’s no concensus on how to
measure ideological parsimony,5 but it is safe to assume that it involves eliminating ideology. Here Sider
marks modal ideology for elimination.

I think this is a fine type of argument. But I don’t think it applies to modal logic.6 As Sider makes

2The interested reader is referred to the literature, especially: Audi [2012], Bennett [2016], Fine [1994], [2001], [2012], Nolan
[2014], Rosen [2010], Schaffer [2009], [2016], and Sider [2011].

3Sider [Ms].
4Sider [2011].
5See Goodman [1951], Sider [2013], Cowling [2013], and Rubio [Ms] for discussion.
6Or if it does, it is only because some non-fundamental notions are okay as metaphysical tools, and modal logic is among

them.
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clear elsewhere, he does consider quantificational logic fundamental.7 As we shall see in the §3, modal
logics are in general expressively equivalent to (fragments of) quantificational logics. Increasingly so-
phisticated modal logics are equivalent to increasingly large fragments of quantificational logic. This,
I claim, means that helping ourselves to modal languages is no more ideologically pricey than helping
ourselves to quantificational languages. Both, as we shall see, describe the same mathematical structures.
In fact, since we probably don’t need the full expressive power of quantificational logic - I’ve yet to meet
a physicist with a use for 34,890-adic relations - it may be that some modal logic is equivalent to the
fundamental-inquiry-useful fragment of quantificational logic. If so, it may well be the quantifiers on the
outside looking in.

I’ve made two key claims in response to Sider. First: that expressively redundant ideology is cost-free.
Second: that modal operators are expressively redundant in the presence of quantifiers and predicates.
I’ve defended the first claim in detail elsewhere,8 but will recapitulate the main argument here. The
defense of the second may be found in §3.

My first claim can be encapsulated in the expressive power innocence criterion. Before we state the
criterion, a little terminology. An ideology is a collection of notions or concepts. These must be expressed
in language. We will call a langauge that contains symbols that express all and only the concepts/notions
in an ideology that ideology’s perspicuous language. The expressive power of a language is the ideas that
language can talk about. Two languages that can express all and only the same things are expressively
equivalent. With these definitions, we can state the criterion:

expressive power innocence criterion: some ideology Ik and some other ideology Ij are equally par-
simonious if their perspicuous languages LIj and LIk are expressively equivalent.

This tells us: if we have two ideologies whose perspicuous languages can state all and only the same
things, then neither ideology is more parsimonious.

The primary reason to accept the expressive power innocence criterion is the argument from accu-
racy. The argument from accuracy has two key premises. The first: ideological parsimony is an epistemic
virtue. Epistemic virtues are those that make theories that have them ceteris paribus more likely to be
true. Equally epistemically virtuous theories are equally likely to be true. The second: likelihood to be
true obeys the probability calculus. The probabiliy calculus says that if φ and ψ are logically equivalent,
then they have the same probability. And if likelihood to be true obeys the probability calculus, it follows
that logically equivalent theories are equally likely to be true. Epistemic virtues do not divide logical
equivalents.

With that in mind, we can argue for the expressive power innocence criterion by reductio. Suppose
we have two ideologies that are expressively equivalent yet I1 is more parsimonious than I2. Then there
will be a theory whose ideology is I1 that is logically equivalent to a theory whose ideology is I2, but more
epistemically virtuous than it (I am assuming that the two are even on all other virtues). So an epistemic
virtue divides logically equivalents. Contradiction.

Thus, if modal logics are expressively equivalent to fragments of quantificational logics (we will see
in §3 that they are), then they are ideologically innocent for those like Sider who have already accepted
the ideology of quantificational logic.

2.2 Modal Notions Cannot Capture Dependence Relations

Perhaps the most common post-modalist complaint is that the modal toolkit cannot capture depen-
dence relations. Thus, in his “On What Grounds What,” Jonathan Schaffer writes:

[S]upervenience analyses of grounding all fail. There are two evident and systematic prob-
lems with using supervenience to simulate grounding. The first is that supervenience has the

7Sider [2011].
8Rubio [Ms].
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wrong formal features: supervenience is reflexive, and non-asymmetric, while grounding is
irreflexive and asymmetric. The second problem is that supervenience is an intensional re-
lational while grounding is hyperintensional. For instance, there are substantive grounding
questions for necessary entities (like numbers), but supervenience claims go vacuous for nec-
essary entities...There have been other attempts to analyze grounding, including those cen-
tered around existential dependence counterfactuals...But such counterfactuals are problem-
atically contextually variable, and the analysis goes vacuous on necessary entities.9

Kit Fine lodges a similar complaint:

[T]here would appear to be something more than a modal connection in each case. For the
modal connection can hold without the connection signified by ‘in virtue of’ or ‘because’. It is
necessary, for example, that if it is snowing then 2 + 2 = 4 (simply because it is necessary that
2 + 2 = 4), but the fact that 2 + 2 = 4 does not obtain in virtue of the fact that it is snowing;
and it is necessary that if the ball is red and round then it is red but the fact that the ball is
red does not obtain in virtue of its being red and round. In addition to the modal connection,
there would also appear to be an explanatory or determinative connection...10

A number of others make similar comments.11

As before, I accept the argument for most of the modal toolkit. But I think modal logic is an exception.
Grounding, explanation, and dependence are relations, and so like any other relation they can be studied
with modal logic. Indeed, §4 is devoted to a preliminary investigation of grounding between objects
(ontological dependence, perhaps) using modal logic, and will present a number of novel results, positive
and negative. Even though it cannot define dependence, it can still illuminate it.

2.3 Modal Notions Cannot Distinguish Between Necessities and Between Impossibilities

Modal tools do not distinguish between necessities and between impossibilities. In an intensional
context, any two necessary truths and any two necessary falsehoods are substitutable salve veritate. Daniel
Nolan makes this point when it comes to counterpossible conditionals:

The first example I wish to discuss is the example of counterpossible conditionals, partic-
ularly counterfactual counterpossible conditionals. Some seem correct, and some incorrect,
and many of them are about the non-representational world. “If there was a piece of steel in
the shape of a 36 sided platonic solid, it would have more sides than any piece of steel in the
shape of a dodecahedron” seems true, but it is false that if there were such a 36 sided steel
platonic polyhedron, it would have fewer sides than a dodecahedron.12

A similar point holds for impossibilities. The properties ‘being a married bachelor’ and ‘being the largest
natural number’ have the same intension - the null intension - and yet it is perfectly intelligible to think
of them as different properties. A radical change to how we do mathematics may make a largest natural
number thinkable, but it would not alter the marital status of bachelors. Similarly, a radical change to
our concepts of human relationships that allowed married men to remain bachelors would not suddenly
impose a largest natural number.

Again I concede the objection for most of the modal toolkit, but I plead an exception for modal logic.
There is a purely formal sense in which necessities and impossibilities are equivalent in modal logic. Two
propositions that are true at the same points in a model may be substituted salve veritate. But it is entirely
the decision of the theorist to decide what the informal content of those propositions is. If we wish ‘x is a
married bachelor’ and ‘x is the largest natural number’ to come apart in truth value, we need only assign

9Schaffer [2009].
10Fine [2012]
11Nolan [2014], Rosen [2009], Audi [2012], Bennett [2016], more?
12Nolan [2014].
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them as the informal content of propositional variables that are not all true at the same points. This may
be useful to do if we are reasoning about possibilities for our mathematical system but have no desire to
change the concepts we use to structure human relationships.

In fact, we can find examples of this in the literature. Most notably, Kurt Godel’s interpretation of
intuitionistic propositional logic in the modal system S4, and Dan Garber’s solution to the problem of old
evidence. We’ll review each, starting with Garber.

2.3.1 Garber’s Solution to the Problem of Old Evidence

Bayesianism is a powerful tool for modeling scientific inference. It uses real numbers between 0 and
1 to track degrees of belief or credences in various propositions (notably including hypotheses and ev-
idence), and imposes some evaluative norms of rationality on them. Exactly which norms are imposed
varies by theorist, but the following are generally accepted:

probabilism: the credence function cr(−) should be a probability function.

conditionalization: cr1(−) = cr0(−|e), where e is a proposition whose content is everything learned be-
tween t0 and t1.

Furthermore, there is a standard Bayesian account of when some proposition is evidence for another:

evidence: e is evidence for h when cr(h|e) > cr(h)

Before we get into the problem, a bit of technical background about probability functions.13

Probability functions are functions from a set of sentences (including the tautology) closed under
disjunction and negation (so the standard language of propositional logic) to the unit interval [0,1] that
follow the kolmogorov axioms:

normality: pr(>) = 1

non-negativity: ∀φ pr(φ) ≥ 0

additivity: If φ and ψ are mutually exclusive, then pr(φ∨ψ) = pr(φ) + pr(ψ).14

In addition, we define conditional probability with the ratio formula.15

ratio formula: If pr(ψ) > 0 then pr(φ|ψ) =
pr(φ&ψ)
pr(ψ)

.

Most notably for our purposes, probability functions treat all logical truths equivalently, and require that
all of them receive probability 1. Thus, the probability of any proposition, conditional on a logical truth,
is simply its prior probability.

Although this framework has numerous successes, it faces problems when dealing with logical truths.
One of these, first raised by Clark Glymour, is known as the problem of old evidence. It is best intro-
duced with an example. When Einstein proposed his theory of relativity, one of its first great triumphs

13The presentation here is brief and compressed. For a thorough, easygoing treatment, the reader for whom probability theory
is unfamiliar is advised to consult Hacking [2001].

14The additivity principle I’ve given here is finite additivity. In contexts where we are countenancing an infinite algebra,
most Bayesians wish to impose the stronger countable additivity axiom. But countable additivity is somewhat controversial and
irrelevant to our discussion, so I will ignore it.

15The ratio formula also has its detractors, most notably Hajek [2003]. But it is fairly standard, and its use is inessential to the
problem.
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came when the new approach to gravitation was able to predicted observations of Mercury’s orbit that
had bedeviled Newtonian mechanics. Any good model of the confirmation of relativity should report
that observations of Mercury’s orbit were evidence (and good evidence at that) for Einstein’s new theory.
Unfortunately for Bayesianism, it is unable to do this. The relevant observations were old news when
Einstein formulated his theory. Thus, a good Bayesian agent would have already learned them, assigning
them a credence of 1. As one can easily verify, when cr(−) is a probability function and cr0(e) = 1, then
cr0(−|e) = cr0(−). Conditionalizing on old evidence has no effect on credence.

This is because probability functions assign all logical truths probability 1. Facts of the form ‘h ` e’
automatically receive probability 1. There is no logical learning. As a result, learning that Einstein’s
theory predicts Mercury’s orbit, which should be a crucial piece of evidence in favor of the theory, is not
even counted as evidence for it by the Bayesian model.

In response, Garber proposed to separate the logical relations recognized by the model from those
we wished to study with the model.16 As he notes, the content of the atomic sentences is assigned extra-
sytematically. And so, if we wish to study the impact of learning logical relations within a Bayesian theory,
we should extra-systematically assign the logical relations of interest to some atomic sentences. We can
then assign them probabilities less than 1, and model the impact of learning them within the framework.
My suggestion for studying necessary truths (and impossibilities) within the mathematical framework
of modal logic trades on the very same distinction between logical relations internal to a model and the
content assigned extra-systematically to atomic sentences. In the same way that Garber showed us to
study logical learning with probability theory, we can use modal logic to study relationships between
necessities and between impossibilities.

2.3.2 The S4-Intuitionism Equivalence

A second example, this one of someone using modal logic to study non-classical logic: Godel’s S4
interpretation of intuitionistic propositional logic. Kurt Godel proved that we can interpret intuitionis-
tic propositional logic in S4 with the box read as ‘it is provable that’; McKinsey and Tarski proved the
converse.17 In the Godel intuitionistic interpretation, S4-non-equivalent formulae of the modal language
are mapped to (some) classically equivalent propositions of the language of propositional logic. First, we
give the Godel translation. Next, we give a simple example.

Intuitionist formula φ Godel Interpretation GI(φ)
Atomic P P
¬φ ¬�GI(φ)
φ∨ψ �GI(φ)∨�GI(ψ)
φ∧ψ �GI(φ)∧�GI(ψ)
φ→ ψ �GI(φ)→ �GI(ψ)

Table 1: Godel’s Interpretation of Intionistic Logic

Putting together Godel’s and McKinsey and Tarski’s theorems, we get: Intuitionistic Proposional Logic
` φ iff S4 ` GI(φ). Now consider the classically equivalent formulae P and ¬¬P . Their Godel Interpre-
tations are P and ¬�¬�P , which are not equivalent in S4. Modal logic is good for reasoning about more
situations than those in which co-intensional (even classically equivalent) propositions are substitutable
salve veritate.

This concludes our brief sweep through some of the more prominent arguments for a post-modal
metaphysics toolkit. My project here has been defensive: granting many of the criticisms post-modalists
have made, I have argued that they do not discount modal logic. In the process, I made several promises.

16Garber [1983]
17Godel [1933], McKinsey and Tarski [1948].
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The remainder of this essay is delivery on those promises, starting with a very brief introduction to modal
correspondence theory and the relationship between modal and quantificational logic.

3 Modal Correspondence Theory: A Very Brief Introduction

Modal Correspondence Theory studies the relationship between propositional modal languages and
quantificational languages. It begins with a simple observation: the same sorts of mathematical structures
can be used to give the semantics for both kinds of language. These structures go by a number of names,
but are most commonly called relational structures or Kripke models. Before we look at their details, it is
worth laying out the modal and quantificational languages we are interested in in detail.18

First, we give the modal language. For our purposes, we will restrict our attention to the basic modal
language, which contains only one modal operator. However, we can add as many modal operators as
needed.

Item Symbol
Propositional Variables A, B, C, D,...
Boolean Connectives ¬,∨
Scope Indicators ), (
Modal Operator ^

Table 2: Syntax for L�

We can introduce the other Boolean connectives (conjunction, implication, etc) by their usual abbre-
viations. We also introduce the modal operator � as ¬^¬. The rules for well-formedness are as follows:

(i) Propositional Variables are well-formed

(ii) If φ is well-formed, so is ¬φ

(iii) If φ is well-formed and ψ is well formed, so is φ∨ψ

(iv) If φ is well-formed, then ^φ is

Next, the quantificational language, known also as the first-order correspondence language:19

Item Symbol
One-Place Predicate for each Propositional Variable in L^ A, B, C, D,...
Boolean Connectives ¬,∨
Scope Indicators ), (
Quantifier ∃
Variables x, y, z,...
Two-Place Predicate R

Table 3: Syntax for L� first-order correspondence language

Again, we introduce the other Boolean connectives by their usual abbreviations. The rules for well-
formedness follow:

18The presentation in this section follows that of Blackburn and van Bentham fairly closely. See Blackburn et al [2006]. See
also Blackburn et al [2002].

19For modal languages with more than one basic modal operator, we introduce a different two-place relation for each basic
operator; note that I will only be discussing first-order correspondence. There is also a correspondence with second-order logic,
which is beyond the scope of this paper.
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(i) ϕx is well-formed, where ϕ is an 1-place predicate and x is a variable.

(ii) ϕx1x2 is wellformed when ϕ is a 2-place predicate and x1,x2 are variables.

(iii) If φ is well-formed, so is ¬φ

(iv) If φ is well-formed and ψ is well formed, so is φ∨ψ

(v) If φ is well-formed and x is a variable, ∃xφ is well-formed

The formulae from (i) and (ii) are called atomic.20 When a variable x occurs in a formula ψ but not
in any subformula of ψ of the form ∃xφ, it is called free in φ. Otherwise, it is bound. A formula with no
free variables is called closed; otherwise, it is called open.

With the two languages on the table, we can now introduce Kripke models and show how they can
be used to give the semantics for each. This will lay the foundation for what is known as the standard
translation, an algorithm for moving from sentences in the propositional modal language to sentences in
its first order correspondence language in a way that preserves truth in the model (we will see a theorem
that says that a sentence from the modal language is true at a world in a model just in case its standard
translation is true in the model with the ‘right’ assignment).

Models are triples 〈W,R,V〉. W is a set of points (or worlds, or times, or objects, or....). The most com-
mon interpretation of the elements of W is as possible worlds, leading Kripke’s semantics for modal logic
to commonly be called ‘possible worlds semantics.’ But because I will sometimes be interpreting them
as objects, I will use the more neutral ‘points.’ Next, R is a binary relation over W. It is generally called
the accessibility relation. In the interpretation of modal logic where its operators stand for necessity and
possibility, the accessibility relation codes facts about relative possibility. We don’t want to assume that
what is possible is necessarily possible (or possibly possible, or possibly necessary, or...), so we interpret
R as telling us which worlds are possible from which. In other interpretations of modal logic, we think
of it as encoding other relations of interest, as we shall see. For example, in epistemic logic, wRv holds
when v is an epistemic alternative to w. Finally, V is a valuation function that assigns each propositional
variable a subset of W, which we can think of as the points at which the proposition is true.

When we use the Kripke models to give the semantics for modal logic, our basic notion of truth is
world-relative. Formulae are evaluated at a world w in a model M. When φ is true at w in M, we will
write ‘M,w |= φ.

20Usually atomic formulae are given with n-place predicates. We will not anything beyond a 2-place predicate in what follows,
and giving them separate clauses eases the statement of our semantic clauses.
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Sentence Truth-Condition
Atomic φ M,w |= φ iff w ∈ V (φ)
¬φ M,w |= ¬φ iff M,w 2 φ)
φ∨ψ M,w |= φ∨ψ iff M,w |= φ or M,w |= ψ
^φ M,w |= ^φ iff ∃v wRv and M,v |= φ

Table 4: Kripke Semantics for Modal Logic

Now we give the semantics for the first-order correspondence language. Remember our goal is to use
the very same Kripke models 〈W,R,V〉 that we used to give the semantics for modal logic in order to give
the semantics for a quantificational logic. The key to doing this is take the pieces of a typical model of
quantificational logic and find a piece of the Kripke model that can do the same job. Ignoring constants,
an interpretation for quantificational logic has a domain of discourse which contains the objects that
the language is talking about and a specification that says which elements of the domain (or n-tuples
of elements of the domain) fall into the extensions of the predicates. In our Kripke model, the set of
worlds W naturally suggests itself as a domain of quantification. It is a set of objects. In fact, there’s no
technical reason that the members of W must be worlds. It’s natural to think of them that way when
we are interpreting the box and diamond of the modal language as representing possibility and necessity.
But they can be other things if we wish to interpret our modal language differently. This will be important
later, when we discuss the modal logic of grounding. For now, the key point is that W will behave like a
domain of discourse.

Next, we need something that specifies the extensions of predicates. Our first-order correspondence
language has two kinds of predicate: monadic predicates, and one two-place predicate. The accessibility
relation R is well-suited to give the extension of a two place predicate. It is, after all, just a dyadic relation
on W. And the valuation function V is well-suited to give the extension of a bunch of monadic predicates.
A valuation function just assigns worlds to sentence letters, dividing W into a bunch of sets. That is
exactly what we need to give the extensions of our monadic predicates.

Like in modal logic, in a quantificational logic truth is relative. But instead of being relative to a
world, it is relative to an assignment. Assignments are functions g from variables to objects in the domain
of quantification. For our first-order correspondence language, they work as follows. A monadic open
sentence ϕx is true relative to a model M and assignment g iff g(x) is in V(ϕ) according to M. A dyadic
open sentence (and recall that since we only have one 2-place predicate in our language, all of our dyadic
open sentences will involve it) ϕx1x2 is true relative to a model M and assignment g iff g〈(x1), g(x2)〉 is in
R according to M.21 Two assignment functions g and g ′ are called x-variants of each other just in case
they assign each variable the same object except possibly x.

Sentence Truth-Condition
Monadic Atomic ϕx M, g |= ϕx iff g(x) ∈ V (ϕ)
Polyadic Atomic ϕx1xw M, g |= ϕx1x2 iff 〈g(x1), g(x2)〉 ∈R.
¬φ M, g |= ¬φ iff M, g 2 φ
φ∨ψ M, g |= φ∨ψ iff M, g |= φ or M, g |= ψ
∃xφ M, g |= ∃xφ iff for some w ∈W , M, g ′ |= φ where g ′ is an x-variant of g and g ′(x) = w

Table 5: Semantics for the First-Order Correspondence Language

So far our semantics has given a notion of truth that is relative. In the case of modal logic, relative to

21To those familiar with the standard semantics for first order logic, this definition will look inelegant. That’s because usually
the valuation function assigns extensions to all predicates. But in Kripke models, the valuation function only deals with the
extensions of propositional variables; accessibility relations are separate. Also, since we are ignoring constants, assignment
functions only assign values to variables.
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a world. In the case of quantificational logic, relative to an assignment. We can use these definitions to
say when a formula is simply true in a model. For modal logic, we say that a formula φ is true in a model
M just in case M,w |= φ for every world in M. For quantificational logic, we can say that a formula φ is
true in a model M just in case M, g |= φ for every assignment g on M.

Having shown how the same kinds of model can serve in the semantics for both modal logic and
quantificational logic, we are now in a position to state the standard translation. The standard translation
is a function mapping formulae of the modal language to formulae of the first-order correspondence
language in such a way that one and the same triple 〈W,R,V〉 models the one iff it models the other. The
formulae of the first-order correspondence language to which modal formulae are mapped all include
one free variable. We will write STv(φ) to indicate the standard translation of φ with free occurrence of
v.

Item Symbol
Modal formulae φ First-Order Formula STx(φ)
P P x
¬φ ¬STx(φ)
φ→ ψ STx(φ)→ STx(ψ)
^φ ∃y(Rxy ∧ STx(φ)[y/x])

Table 6: The Standard Translation

The atomic and boolean clauses should be fairly straightforward, but the clause for the diamond re-
quires some elaboration. The notation φ[y/x] means ‘the formula φ with all free occurences of x replaced
by y.’ It’s important that y be a new variable. It can’t appear free in φ before the substitution. It’s also
important that the variable we replace x with in STx(φ) be the same variable that the quantifier at the
front of the formula binds, so that when we make the substitution the quantifier binds every free variable
in STx(φ), leaving the first x as the only free variable in the formula.

In order to illustrate the standard translation at work (especially the somewhat complex clause for the
diamond), we will show the translation of the 4 axiom: ^^P → ^P :

STx(^^P → ^P ) = STx(^^P )→ STx(^P )

= ∃y(Rxy ∧ STy(^P ))→∃z(Rxz∧ STz(P ))

= ∃y(Rxy ∧∃wRyw∧ STw(P ))→∃z(Rxz∧ P z)
= ∃z(Rxz∧∃y(Rzy ∧ P y))→∃y(Rxy ∧ P y)

Note how, in the final formula, the only free variable is x, and that in the translation of the antecedent
(where we had nested diamonds), there is a new variable for each diamond, and that we have the same
number of existential quantifiers as we had diamonds in the modal formula.

We have now introduced the standard translation and given an example of how it works. But how do
we know that it is a good translation? Good translations preserve information; in the ideal case, where S
is a sentence, the translation of S into a new language conveys exactly the same information that S does.
In our case, we can make this precise: it is provable that, given a Kripke model M, a formula φ of the
modal language is true at some point w in it if and only if STx(φ) is true when w is assigned to x. Now we
can give the theorem:

theorem: For any formula φ of the modal language, Kripke model M, point w in M, and assignment
function g such that g(x) = w: M,w |= φ iff M, g |= STx(φ).

Proof: By induction on the structure of φ.22

22See Blackburn et al [2002], exercise 2.4.1.
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Because Kripke models (also known as relational structures) can serve as models for modal and for quan-
tificational logics, we can think of these different logics as giving different perspectives on the same
thing. Quantificational logics provide an external perspective. Their formulae (once an assignment has
been fixed) are true or false simpliciter. Using quantifiers, variables, and predicates, they transparently
describe relational structures as a distant observer, telling us what objects there are and what relations
they stand in. The quantifiers range over the entire domain, and so every object is relevant to the truth of
quantified formulae.

By contrast, modal logics provide an internal perspective. Their formulae are true only relative to
specific points inside the model. With a simple syntax of only operators, propositional variables, and
boolean connectives, it is not at all transparent that the information they convey is information about
relational structures. And for formulae containing modal operators, only part of the structure is relevant
to truth; namely, the accessible points. As Blackburn et al put it:

The function of the modal operators is to permit the information stored at other states to be
scanned —but, crucially, only the states accessible from the current point via an appropriate
transition may be accessed in this way....the reader who pictures a modal formula as a little
automaton standing at some state in a relational structure, and only permitted to explore the
structure by making journeys to neighboring states, will have grasped one of the key intuitions
of modal model theory.23

And, as they note, this piecemeal way of scanning the model is why modal logics have one of their best
features, one that quantified logics lack: decidability.

As the translation shows, modal logics correspond to fragments of quantificational logics. They do not
get us extra expressive power. But that does not impugn their usefulness. What they lack in expressive
power, they make up for in other desirable properties. Most notably: they are often decidable, whereas
standard quantificational logics are not. This makes them more user-friendly, and allows us to use them
to obtain results that would be more difficult to obtain otherwise. But not to be forgotten: their operators
behave like bounded quantifiers, giving a simple way to quantify over only objects that stand in inter-
esting relations to each other. While this too can be done in the standard quantificational setting, the
resulting formulae tend to be longer and less tractable. There is much to be said for a simple, compact
syntax.

4 Logic of Grounding

The correspondence between modal and quantificational logic suggests that modal logic will be useful
anywhere that quantificational logic is. Its simplicity and certain model-theoretic advantages such as
decidability suggest that it might allow us to discover things that we would not otherwise think of. This
has been done for in a number of cases already: epistemic logic, description logic, mereotopological
modal logic, tense logic, and others.24

The key to using modal logic to study a relation that we are interested in is the accessibility relation.
Changes in the formal properties of the accessibility relation change which formulae of modal logic we
take as axioms. Because of this, modal logicians have introduced the idea of a frame. A frame F is a
model without its valuation function; thus, it is a set of points W and an accessibility relation R. It
will sometimes be helpful to think of a frame as a class of models which share a set of points and an
accessibility relation but differ in their valuation function. We can then use the idea of truth in a model
to define truth in a frame. A formula is true in a frame if it is true in every model in the frame. We will
be interested in classes of frames where every frame in the class has some formal property of interest. A

23Blackburn et al [2002].
24See Blackburn et al [2002], Blackburn et al [2006], Burgess [2009], Nenov and Vakarelov [2008].
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formula is true in a class of frames if it is true in every frame in the class. Table 7 tells us how manipulating
the formal properties of the accessibility relation determines which formulae are axioms. When a given
formula is an axiom when we give the accessibility relation a certain property, we say that that formula is
the characteristic axiom for the frames with that property.

Name Properties of R Characteristic Axiom
K None K: �(φ→ ψ)→ (�φ→ �ψ)
T Reflexive T: φ→�φ
B Symmetric B: φ→ � �φ
4 Transitive 4:� �φ→�φ
5 Euclidean 5: �φ→ � �φ

Table 7: Axioms Defining Common Properties

When a given collection of formulae are axioms when the accessibility relation has a certain property
or properties, we say that collection of formulae axiomatizes the logic of frames with those properties.
For example, below we see the axioms for the class of all frames (whose characteristic axiom is K):

1. axiom: all propositional tautologies

2. axiom k: �(φ→ ψ)→ (�φ→ �ψ)

3. inference nec: φ ` �φ

4. inference mp: φ,φ→ ψ ` ψ

This collection is known as the minimal normal modal logic.
One last distinction. We have talked about the formulae that are axioms when the accessibility relation

has certain formal properties (equivalently: are valid in frames whose accessibility relations have certain
formal properties). We will refer to the deductive closure of these formulae as the ‘logic of’ that class
of frames. They axiomatize the set of sentences that are true in every frame in the class. Sometimes, an
additional relationship holds between a class of frames and a set of formulae: the formulae in the set are
not only true in every frame in the class, they are true only in frames in the class. When this happens,
they are said to be canonical to that class of frames, or to define that class of frames. Defining a class
of frames is more than just axiomatizing its logic. A set of formulae could be axioms of the logic of a
class of frames (by being true in every frame in the class and sufficient to derive every other formula that
is) but not define it, because they are also true in some frames outside the class. This will be important
later, because not all classes of frames can be defined by a set of formulae. But they can still have an
axiomatizable logic.

How does this help us with grounding? When we wish to use modal logic to study a single given
relation, we can study the logic generated by the class of frames whose accessibility relation has the
same formal properties as the relation we are trying to study. In our particular case, we are interested
in grounding, and so we will be studying the logic generated by the class of frames whose accessibility
relation has the typical formal properties of the grounding relation.

Grounding was introduced as a relation of metaphysical explanation or of ontological dependence.25

Some authors posit it as a relation between facts (or sentences), others as one between objects, others as
what might best be described as between aspects of objects.26 Efforts to give a logic of ground due to
Fine, Correia, and others typically focus on grounding as a relation between facts (or sentences).27 To

25Fine [2001], [2012], Schaffer [2009], Rosen [2010].
26Schaffer [2016] gives a fuller inventory.
27Correia [2010], Fine 2012b
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my knowledge, other than Schaffer’s general treatment of explanatory relations using structural equation
models28, no attempt has been made to give the logic of ground as a relation between objects.29 I will
use a modal logic to do so. When I do, we will see surprising similarities between objectual ground and
provability that have not previously been appreciated. We will also be able to use modal logic to explore
structural property inheritance principles, a longstanding open question in the grounding literature. This
shows that modal logic can offer insights into even the most quintessentially post-modal notions.

Grounding between objects is a relation of ontological dependence. More fundamental things ground
less fundamental things, explaining their existence and property-possession. The paradigm case is the
relationship between a singleton set and its element; {Socrates} exists because Socrates does, and not the
other way around. This illustrates the distinctively post-modal property of ground: it is hyperintensional.
The existence of Socrates entails the existence of {Socrates} (assuming standard set theory with urele-
ments), and the existence of {Socrates} entails the existence of Socrates. The grounding relation is more
fine-grained than entailment. To ground something is more than to entail its existence; it is to explain it.

Since grounding is a kind of explanatory relation, and we tend not to like explanatory circles, it
is generally taken to be asymmetric. If o grounds o*, then o* does not ground o. It follows from its
asymmetry that grounding is also irreflexive, since irreflexivity is the special case of asymmetry where
o = o∗. A final example illustrates the last standard property of ground: transitivity. Consider the set
{{Socrates}}, the singleton set of singleton Socrates. It seems fairly natural to include Socrates in the
explanation of why {{Socrates}} exists, even though the direct ground is {Socrates}. Examples like this
have led metaphysicians to think that grounding is transitive; if o grounds o∗, and o∗ grounds o ∗ ∗, then o
grounds o ∗ ∗. Of course, each of these is controversial (to varying degrees), but they’re standard enough
to start the discussion.

A final pair of properties of interest: well-foundedness and converse well-foundedness. A number of
authors think that grounding is well-founded.30 Defining well-foundedness formally requires second-
order resources and gets a bit complicated, but the idea is fairly straightforward: well-founded relations
don’t have maximal chains that descend without limit.31 In the case of grounding, then, this corresponds
to the existence of a fundamental ‘level’ of objects: a class of things that exist, in whom all grounding
chains terminate, and whose existence is not grounded in anything else. These are typically thought of as
the basic particles or entities of physics, but gods, turtles, and the cosmos as a whole are also candidates.
Converse well-foundedness is the opposite of well-foundedness: converse well-founded relations lack
infinitely ascending chains. In the case of grounding, then, this implies (but does not follow from) the
existence of a top ‘level’ of objects: a class of things that are not themselves the grounds of anything else,
and to which allgrounding chains lead. The cosmos (if it is not fundamental) or a universal fusion are
prime candidates. Although converse well-foundedness has seen little discussion in the literature, it’s an
interesting property and one that turns out to induce an unexpected logic.

Having been introduced to the grounding relation, we can now show how to use modal logic to study
it. Things begin, as always, with Kripke models. When we are using them to study metaphysical modality,
we interpret the points in W as possible worlds at which sentences have truth values, so that V says which
atomic sentences are true at which worlds. This is not forced by the mathematics; we do it to match the
mathematical tool to the conceptual machinery we are working with. We’ll be using the same formal tools
to study grounding, but we need a new way linking it up to the conceptual machinery. Grounding is a
relation between objects. So we shall interpret the points in W as objects, some of which ground others.
Sentences are not typically true or false at objects. Instead, objects have properties. So we shall interpret
the valuation function V as assigning extensions to properties. And the accessibility relation, R, will serve
as a mirror to the grounding relation.

28Schaffer [2016]
29Partisans who wish to reserve the term ‘ground’ for a relation between facts may substitute ‘ontological dependence’ for

‘ground’ in the following without.
30Cameron [2008], Audi [2012], Fine [2012a] Schaffer [2016]
31See Dixon [2016] and Rabin and Rabern [2016] for extended discussion of well-foundedness principles as they relate to the

grounding relation.
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We can think of an atomic sentence being true at a point in the model as the object the point represents
having the property the sentence represents. When one point is accessible from another point, we can
think of it is being grounded in that point. This allows us to interpret the box as ‘for all objects grounded
in this object,’ so that �P is true at a point iff just in case P is true at all points grounded in it, and
to interpret ^P as ‘for some object grounded in this one,’ true at a point when P is true at some point
grounded in it. In essence, we are using the same formalism we always do for modal logic, but we are
interpreting it with the ideology of grounding, rather than the ideology of modality.32

We are assuming that the basic grounding relation is transitive and asymmetric. Thus, its weakest
logic will be stronger than the usual weakest normal modal logic. Typically, as we add properties to the
accessibility relation, we add axioms to the logic that define those properties. In the case of transitivity,
the relevant axiom is 4: �φ← ��φ. But sometimes, there is no axiom of modal logic that defines a prop-
erty of interest. This is the case with asymmetry.

theorem: No formula of modal logic defines asymmetrical frames.

Proof Assume for reductio that some formula, *, defines asymmetrical frames. Then consider the logic
axiomatized by KD*4. This would be the logic of serial, transitive, asymmetrical frame.

obsevation 1: KD*4 logic has no finite model.

Proof: Consider a maximal chain C of the serial, transitive, asymmetric accessibility relation R. Since
C is a maximal chain, it is connected: for any two distinct elements of C, one accesses the other. Since R

is asymmetrical, no element of C accesses itself. Since R is asymmetrical and transitive, there are no loops
within C. And since R is serial, every element of C accesses some element of C. So C must be infinite.
And if C is infinite and without loops, there must be infinitely many points in its model.

observation 2: The basic (unimodal; one box/diamond) modal language has the finite model property
(Definition: if a set of formulae has a model, then it has a finite model).

Proof: Blackburn et al [2002].

Observations 1 and 2 are inconsistent. A finite model cannot have infinitely many points in it. So if
we assume that KD*4 exists, we have a contradiction. Since K, D, and 4 are known to define normal,
serial, and transitive classes of frames respectively, * must not exist.
�

We have proven that no modal formula defines asymmetry. This means that there is no canonical set of
formula for the grounding frames. But it does not mean that there is no modal logic of grounding. We can
still give a set of formulae that axiomatize all modal formulae that true in transitive, asymmetric frames.
But they will also be true in some frames that fall outside the class. They give its logic, but they don’t
define it.

Since no formula defines asymmetry, the basic modal logic of ground (MLG) is K4 (not to be mistaken
for the better-known S4, which is the result of adding the T axiom to K4). K4 is the logic resulting from
adding the 4 axiom to the basic system K.33 We give its axiomatization here:

32Although properties may seem like a bit of an odd candidate for the semantic value of a sentence, it’s not unheard of. In his
[1979], David Lewis used property self-ascriptions as the value of sentences like ‘I am making a mess,’ and noted that one could
see coarse-grained propositions as a special kind of property. Assignments of non-standard semantic values of this kind are
familiar in the literature on mereotopological modal logic. See, e.g., Nenov and Varakelov [2008], where the valuation function
assigns propositional variables to sets of sets.

33Nota Bene: we used D alongside the grounding properties in our proof that asymmetry is undefinable. But since grounding
isn’t serial, D has no place in our logic. We just needed it for the reductio.
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1. axiom: all propositional tautologies

2. axiom k: �(φ→ ψ)→ (�φ→ �ψ)

3. axiom 4: �φ→ ��φ

4. inference nec: φ ` �φ

5. inference mp: φ,φ→ ψ ` ψ

By finding modal formulae which define other properties of ground and then adding them to K4, we
can find more specific logics. We can also produce negative results by showing that first-order formulae
defining interesting properties of ground have no modal definition. We can also find or test inheritance
principles by seeing if their formalizations are theorems of K4, or whatever other modal logic we are using.
To this we now turn.

4.1 Inheritance Principles

One of the more promising use of a modal logic of ground is to explore structural principles of prop-
erty inheritance. The conditions under which some object passes properties on to the objects it grounds
remains a longstanding open question in metaphysics. But certain formulae of MLG are naturally con-
strued as inheritance principles: namely, those with a conditional as the main connective. Take, as a
simple example, the 4 axiom, with o as the point of evaluation:

axiom 4: �φ→ ��φ

4 says: If all objects grounded in o bear φ, then all objects grounded in all objects grounded in o bear
φ. When grounding is transitive, it’s fairly clear why this is true.

We can use MLG both to test inheritance principles that we formalize, and to discover new inheritance
principles by finding theorems of the logics. For example, the following is a theorem of K:

principle: ^(φ→ ψ)↔ (�φ→ ^ψ).

Proof : Hughes and Cresswell [1996].

We may read this as: if some grounded object is such that if it is φ then it is ψ, then if every grounded
object is φ then some grounded object is ψ. It’s difficult to find too many more inheritance principles in
relatively weak logics like K4. The more interesting properties we give to grounding, the stronger our
logic becomes and the more inheritance principles we can discover.

4.2 Grounding and Provability

Like asymmetry, well-foundedness and converse well-foundedness lack a defining modal formula.
However, when converse well-foundedness is combined with transitivity, there is a defining formula,
which (combined with the observation that transitivity and converse well-foundedness imply asymmetry)
leads us to the first surprising insight from the modal logic of ground: one of its axioms is characteristic
of provability logic.

It’s well-known that Lob’s formula defines transitive, converse well-founded frames.34

lob’s formula: �(�φ→ φ)→ �φ

34See, e.g., Boolos [1993].
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This is surprising, because Lob’s formula is characteristic of provability logic. When the box is inter-
preted as ‘it is provable that’ and the diamond as ‘it is consistent that,’ the logic of provability is obtained
by adding Lob’s formula to K. Thus, on the supposition of converse well-foundedness of the grounding
relation - that is, on the supposition that reality has a ‘top’ level, a class of objects that do not themselves
ground further objects - grounding and provability have the same logic.

The exact formal parallel allows us to import results from provability to grounding. A first interesting
result we can import from provability: no formula where a diamond has widest scope is a theorem. Even
^>.35 This makes sense when you think about the properties we have assigned the grounding relation.
Since we are assuming a top level to reality, objects that do not themselves ground further objects, and are
interpreting the diamond as ‘there is a grounded object such that,’ every model will have objects which
do not ground other objects and therefore at which every formula where a diamond has widest scope is
false.

With new axioms come new theorems, some of which may be interesting inheritance principles. Here,
for instance, is the dual of a theorem of provability logic from Boolos36:

principle: P → ((P ∧¬^P )∨^(P ∧¬^P ))

This says: if an object bears P , then either it bears P and grounds no object that bears P , or it grounds an
object that both bears P and grounds no object that bears P .

The formal parallel between grounding and provability is useful for more than just importing results
and finding inheritance principle. Taking a step back, we can find philosophical upshots from the ex-
istence of the parallel itself. In recent work, Jonathan Schaffer has defended the thesis that explanation
has a tripartite structure.37 Explanations proceeds from sources to results via linking principles. This is
meant to hold for causation, for grounding, and for logical/mathematical explanation, which he under-
stands as an explanatory proof. One of the arguments he advances for the unity of explanation is that all
types of explanation have uniform formal features: they are transitive, irreflexive, and asymmetric.

However, the logical/mathematical case introduces a bit of a wrinkle. As Schaffer notes, it’s not al-
ways clear which propositions to regard as axioms and which as derived results.38 In part because of
this, it’s not at all clear that the relation ‘there exists an explanatory proof from’ between sets of formulae
is asymmetric. For an example, consider two classic mathematical principles: Zorn’s Lemma, and the
Axiom of Choice, both of which are crucial to achieving important results, especially when working with
infinite numbers:39

zorn’s lemma: Let P be a set partially ordered by R. If every chain in P has an upper bound in P ,
then P has a maximal element.

axiom of choice: Suppose that F is a set of non-empty sets. Then there exists a function h : F 7→ dF
such that for every A ∈ F, h(a) ∈ A. We call h a choice function for F.

These two principles are equivalent. And arguably both the proofs that axiom of choice implies zorn’s

lemma and vice versa are explanatory. Each has a good case for being regarded as an axiom.40 And there
any number of other examples in logic and mathematics of this sort.

This threatens to undermine Schaffer’s argument for a unified structure to explanation. Schaffer uses
the formal parallels between various types of explanatory relation to argue for a single, unified notion

35Boolos [1993].
36Boolos [1993].
37Schaffer [Ms].
38Schaffer [Ms] fn 6.
39Statement of these principles based on Goldrei [1996].
40For choice, it’s in the name. Zorn also orignally called his principle an axiom. See Goldrei [1996]
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of explanation that underwrites more specific versions such as grounding and causation. If we can have
symmetrical explanations in the mathematical case, it becomes harder to argue that it is of a kind with
causation and grounding.

The grounding-provability parallel can help deflect this worry. Even if the relation ‘there exists an
explanatory proof from’ doesn’t have the right formal features, there is still a deep formal parallel between
provability in formal systems and grounding/causation. One revealed by the modal logics of the ‘it
provable that’ and ‘for all grounded objects’ operators.

4.3 Negative Results

I have argued that modal logic is a useful tool for metaphysics beyond the metaphysics of modality
(or metaphysical arguments that make crucial use of possibility or necessity claims). But like any tool,
its uses are circumscribed. There are some things that it can’t do. I will conclude my brief study of the
modal logic of ground with some negative results, showing where this tool won’t be useful.

There are limits to the frame properties that can be defined in the basic modal language. We have seen
a case where this is provable: the asymmetry case. In fact, because frame definability in modal logic has
been extensively studied, we have necessary and sufficient conditions for when a property of accessibility
relations can be defined by a formula of modal logic. This is given by the Goldblatt-Thomasson theorem,
which we will state but will only elaborate on as needed.

goldblatt-thomasson theorem: A first-order frame property is modally definable iff it is preserved under
taking disjoint unions, generated subframes, bounded morphic images, and reflects ultrafilter extensions.

Proof : Blackburn et al [2002].

Disjoint unions, generated subframes, bounded morphic images, and ultrafilter extensions are all set-
theoretic operations on frames. They can get a bit complicated, so we will define them only as needed to
get our results.41 However, we can think of them as tests for modal definability. If a property of accessi-
bility relations passes all four tests, then there is a modal formula that defines it. Unfortunately, there is
no fully general way to compute the formula. But if it fails even one test, we know that it is not definable.
Of course, sometimes properties that are not themselves definable become definable in combination with
other properties (as in the case of transitivity and converse well-foundedness). So in order to generate
our negative results, we show that properties of interest fail at least one of the four tests given in the
Goldblatt-Thomasson Theorem.

The first property we will consider is Priority Monism.42 Priority Monism is the thesis that exactly
one thing - typically the cosmos as a whole - is fundamental. Everything else is grounded in that one
thing. We can give this a fairly simple first-order characterization:

priority monism: ∃x∀y((y , x)→ Rxy)

The class of frames satisfying this property are the priority monist frames. But priority monism is not
closed under disjoint unions. A frame f is the disjoint union of two frames F ∗ and F ∗∗ just in case:

1. the sets of points W∗ and E∗∗ in F ∗ and F ∗∗ have null intersection

2. The set of of points W in F is the union of W∗ and W∗∗

3. The accessibility relation R in F is the union of the accessibility relation R∗ in F ∗ and the accessibility
relation R∗∗ in F ∗∗

41The interested reader may consult Blackburn and van Bentham [2006] for definition and elaboration.
42Schaffer [2010], [2013] gives a full explanation and defense.
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Informally, the disjoint union of two frames is the frame that results from combining their sets of points
- which we assume have no members in common - and then taking an accessibility relation where one
point accesses another only if it does so in one of the two frames being joined together. We can now give
the result.

theorem: The property priority monism is not closed under disjoint union.

Proof : Consider two frames F and F ∗, defined as follows. The set of points in F is the even numbers,
and the accessibility relation works as follows: Rxy iff x < y. Thus, 2 will access every other point, and
no point will access 2. In similar fashion, the set of points in F ∗ is the odd numbers, and the accessibility
relation works as follows: Rxy iff x ¡ y. Thus, 1 will access every other point, and no point will access 1.
It is clear that both models satisfy priority monism. But their disjoint union F ∗∗ will not. The points in
their disjoint union will be the natural numbers, but no even numbers will access any odd numbers and
no odd numbers will access any even numbers. Thus, 1 and 2 will provide counterexamples to priority

monism.
�

It follows immediately from the Goldblatt-Thomasson Theorem that priority monism is not modally de-
finable.

The opposite of priority monism is priority pluralism. As the name suggests, priority pluralism posits
multiple fundamental entities. It, too, can be given a tidy first-order definition:

priority pluralism: ∃x∃y∀z(¬Rzx∧¬Rzy ∧ x , y).

Also like priority monism, it does not have a modal definition. The proof will give us a chance to use
a different operation from the Goldblatt-Thomasson theorem. We will show that priority pluralism is
not closed under generated subframes.

Before we can define a generated subframe, we need to introduce a bit of terminology. Given a relation
R over a set W (say, the set of points in a Kripke frame and its accessibility relation), we say that W′ is an
R-closed subset of W if, when v is in W′, so is any u such that Rvu. Basically, an R-closed subset of W is a
subset of W that includes all points accessed by any of its members. With that in place, we can now say:
a frame F is a generated subframe of a frame F ∗ under the following conditions:

1. The set of points W in F is a proper subset of the set of points W∗ in F ∗

2. The accessibility relation R in F is an R-closed subset of W∗

We will now show that priority pluralism is not closed under generated subframes.

theorem: the property priority pluralism is not closed under generated subframes.

Proof : We can use the same frames we used in the previous proof. It’s clear that F ∗∗ satisfies priority

pluralism, with 1 and 2 both fundamental. And F is a generated subframe of F ∗∗. It satisfies condition 1,
since the even numbers are a proper subset of the natural numbers. And since we constructed F ∗∗ so that
no even number accesses any odd, they make up an R-closed subset, satisfying condition 2.
�

It then follows from the Goldblatt-Thomasson theorem that priority pluralism is not modally definable.
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5 Conclusion

I have argued that modal logic deserves a place in the toolkit of post-modal metaphysics. First, I
reviewed the main arguments in favor of a post-modal toolkit, arguing that they did not exclude an
ongoing place for modal logic alongside the newer tools. In the course of that argument, I defended two
key claims: first, that modal logic is expressively equivalent to (fragments of) quantificational logic, a
result familiar from modal correspondence theory; second: that modal logic can be used to illuminate the
relation of ontological dependence. In so doing, I hope to have shown how a familiar tool can be put to
fruitful new uses in the study of metaphysics.
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